r = radius

r = radius of smaller tube

T2 = radius of larger tube

S = transformal axial length

u = velocity

tim = mean velocity in large tube

tms = mean velocity in small tube

z = axial distance

A = nondimensional axial length z/r;

Z, = Z/Ng,

Greek Letters

p = density

v = kinematic viscosity
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Application of Quasilinearization to Countercurrent CSTR’S

SALVATORE J. CASAMASSIMA and EDWARD N. ZIEGLER
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Polytechnic Institute of Brooklyn, 333 Jay Street, Brooklyn, New York 11201

Stagewise process problems commonly encountered in
engineering design include the analysis of extractors, dis-
tillation towers, and reactor cascades. Solutions to these
kinds of problems which may be resolved into linear
equations have been established by either analytical or
graphical techniques. By assuming a constant equilibrium
or distribution coefficient or by assuming first order re-
action, the equations become linear permitting the use of
these standard techniques. If, however, the true nature of
the equilibrium and/or rate expressions is known, it may
be far more accurate to use the more rigorous system
equations, although they may be nonlinear. The most
popular method for handling stagewise nonlinear proc-
esses is that of linearizing the equations of the process
matrix by the Newton-Raphson method. The current work
is concerned with applying a relatively new technique,
quasilinearization developed by Bellman and Kalaba (1),
to the finite difference equations of stagewise reaction
processes.

PURPOSE OF STUDY

A recent paper by Kowalczyk (2) shows that both the
methods of solution and the analytical results obtained in
applying finite difference calculus to a series of CSTR’s
are analogous to the solution of differential equations that
are encountered in plug flow reactors. It is the intention
of this communication to apply the method of quasilineari-
zation to the nonlinear finite difference equations of cas-
caded CSTR’s with boundary conditions at different stages
(split conditions). Let it be known that this. is simply an
attempt to solve these difference equations by quasilineari-
zation and not a theoretical proof of its validity or lack
of validity for this application. The numerical method of
quasilinearjzation which has been chosen has two major
advantages. First of all, nonlinear equations using this
technique converge rapidly to solutions (i.e., quadratic

Correspondence concerning this communication should be addressed to
Professor Edward N. Ziegler.

Page 1250 September, 1971

convergence). Secondly, solutions can be obtained even
with very poor starting values of unknown initial condi-
tions. Lee (3) and Lee and Noh (5) have shown that
quasilinearization is a very powerful technique in solving
nonlinear differential and difference equations occurring
in chemical engineering (e.g., tubular reactor and distilla-
tion column).

Consider the following problem of a series of continuous
stirred-tank reactors whose efluents and feed streams are
flowing countercurrently (Figure 1). A steady material
balance on reactor n 4 1 for each component is made.

0=0QCuan+ QCuan+z — 20C4n+1 — kCpn+1CBr+1Vr

for A (1)
0= QCgn + QCgr+2 —~ 2QChn+1 — kCan+1CBn+1Vr
for B (2)
The generation rate equation used is
fan+1 = — kCan+1Chn+1, ie.,, (A + B — products).

Note that this term is nonlinear with respect to concen-
tration Cpn+1 because Cpniy is also dependent on the
concentration A.

The dimensionless variables introduced are

Yini1 = Can+1/Ca0, Yoni+1 = Cpn+1/Cao,
X= kcAo VR/Q

The material balance for constant X reduces to differ-
ence equations

0=Yan+ Yan+2 — 2¥an+1 — X Yan+1 Yon4y (3)
O0=Ypy+ Yenio — 2¥nt+1 — X Yan+1 Ypus1  (4)

REACTANT
A

REACTANT
8

Fig. 1. Flow diagram of stage of countercurrent CSTR cascade.
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As these are finite difference equations, the operator E
can be introduced, where EY s, = Yan+1 (4). This opera-
tor can be considered analogous to the differential operator
D. The equations may now be rearranged in terms of E
notation and the terms collected

(E? — 2E + 1) Yan = X (E Yau) (E Y5a) (3)
(E2 —2E + 1) Ygyp = X (E Yan) (E YBa) (6)

The CSTR problem has now been reduced to a pair of
second-order inhomogeneous nonlinear finite difference
equations. The boungary conditions for a system of N
stages are

Yao=1 Yan+1=0

Ygo =0 Ypn+1=Cso/Cao

The boundary conditions state that pure A enters from one
side of the cascade, and pure B from the other.

The method of quasilinearization may now be applied
to the finite difference equations. First, a further change
in variable notation will prove useful. Let

Ui =Yan; Us=EYan=Yan+1; Us=Yga;
Us=EYpn=Ygns1 (7)

Then Equations (5) and (6) may be transformed to U
notation which reduces the two second-order difference
equations to four first-order equations as

EU2=2U2—- U1+XU2U4, EU1: U2 (8)
EU4 = 2U4 - U3 + X U2U4, EU3 = U4 (9)

The equations are valid for N countercurrent stages.

APPLICATION OF THEORY

The theory of quasilinearization can now be applied.
Because there are N + 1 equations for U, Us, and Us, U,
the maximization Equation (3) in vector form must be

—

dV -—
used, based on the analogy that 5 <> EV. Using this

correspondence, it follows that
EVema[f(TU)+Tx (V-U)1 (10)

where f; = EU,;. The matrix ']: is composed of elements
which are partial derivatives of f;, the values of which
may be found by differentiating Equations (8) and (9)

[ ofs of1
7(‘71———-- a(|l,.
Ju = : :
] |
Ofn Ofn

LU, T au, |

(11)

The elements on both sides of Equation (10) may then
be equated to derive the difference equations which are
linear in V' (i.e., quasilinear)

EVy =V, EV,=2V, -V, + XUV,
— XUyUy + XUV, (12)
EVy =V, EVy=2V,— V,+ XUV,
— XUyU, + XUV, (13)
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These equations are to be iterated upon with the U;
value being that of the previous solution; initial values of
U; must be guessed. Convergence is defined in terms of
the approach of V; to U;. These equations represent each
stage for any number of reactors, thus differing from the
Newton-Raphson method in which the number of equa-
tions to be solved increases as the number of stages is in-
creased.

The solution obtained should be a general solution for
V, composed of a particular and two %mmogeneous solu-
tions, that is

Vi=VP+aVi 4+ bV
Vi=VP+ eV 4 dvpe

i=1,2 (14)
j=3,4 (15)

in which a, b, ¢, and d are constants which must be deter-
mined from the boundary conditions. The particular solu-
tion for arbitrary entrance boundary conditions is obtained
directly from Equations (12) and (13). The two homoge-
neous solutions with different arbitrary entrance boundary
conditions are generated by eliminating the U,U, term
(quasiconstant) from Equations (12) and (13). The con-
stants of Equations (14) and (15) are then obtained from
the stated boundary conditions as

Vi(0) =1, V5(0) =0, ViiN+ 1) =0, V(N + 1) =1

The relationships are immediately found between the
arbitrary and entrance boundary conditions. The other
two relationships are found after Vi¥(N 4 1), V{*Y(N + 1)
and V*2(N 4 1) are generated. Once the constants are
determined, the entire set V; is generated and will serve
as the U; for the next iteration. A maximum allowable
tolerance is taken on the difference between successive
iterated values of V;.

For concreteness, consider the case where the number
of stages is set equal to ten, with Yaq = Yy = 1.0 and
Ya1 = Ypo = 0. This is a symmetrical case and reduces
to a situation for which a numerical solution has been ob-
tained (via Newton-Raphson) and which therefore serves
as a check on the validity of the quasilinearization method.
One simplification which may be made even in nonsym-
metrical cases is to substitute UV, for U4V, in Equations
(12) and (13), for in the limit UV, — U,V, and vice
versa., An IBM 360/50 was used to perform the iterative
computations.

RESULTS

Two runs with different initial guesses were made cor-
responding to the maximum and minimum values of rela-
tive concentration, U;(n) == 1.0 and U;(n) = 0, respec-
tively, for all n stages. The arbitrary entrance conditions
were chosen. Convergence was rapid in both cases and
checked the Newton-Raphson solution. Ten iterations were
required for the initial guesses of 1.0, while only eight
were needed for the zero case. The convergence is illus-
trated in Figures 2a and b, the final iteration coinciding
with the exact solution. After the third iteration, even
with these poor starting values, convergence is rapid,
characteristic of quadratic convergence. Probably because
eight out of ten of the relative concentrations were chosen
to equal zero rather than unity, the zero guess case con-
verged more rapidly. Acceptable convergence was taken
as three digits after the decimal place.

Results of the quasilinearization analysis may be com-
pared with those obtained from a standard Newton-
Raphson procedure. When initial guesses of 1.0 were used
in the ten-stage problem, the execution time for the New-
ton-Raphson method was found to be 13.45 sec. as com-
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pared to a 5.40 sec. value for quasilinearization. Since
the Newton-Raphson and quasilinearization computer
programs used were fundamentally different, the N-R
program having a matrix-handling subroutine, the times
can be considered only comparative to an order of magni-
tude. The computer programs and other calculations indi-
cate that the Newton-Raphson method is more adversely
affected by poor initial guesses than is the quasilineariza-
tion technique for the type of equation encountered.

CONCLUSIONS

1. The solutions converge to the very same answers
obtained by the Newton-Raphson method. The material

[[+]
8F 5
4
no change after
ar 10 iterotions
ok
teration
E-1 1
Ya
ab
3t
2k
A
| 1 2
0% Ty 2 3 4 5 & 7 8 S 10

n (no. of stages)

Fig. 2a. Ten-stage CSTR, countercurrent at
Ua(n) = 1.0.

n o

no chonge after
8 iterations

Ya

Iteration
|

i 2 3 4 s €6 7 8 9 10

n (no. of stoges)

Fig. 2b. Ten-stage CSTR, countercurrent ot
Ua(n) = 0.0.
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balance served as a check on both techniques. This verifies
the numerical validity of the method of quasilinearization
as applied to nonlinear finite difference equations of
CSTRss in series.

2. Even with extremely poor starting guesses for U;(n),
convergence was obtained to three significant figures in
only seconds. Any reasonable guesses at all would have
greatly improved rapidity of convergence. However, con-
vergence, although rapid, is not quite quadratic. This is
probably due to the highly coupled nature of the equa-
tions.

3. In the stagewise reactor problem described, quasi-
linear computation time was of the same order of magni-
tude as that of the Newton-Raphson computation. Unlike
the Newton-Raphson method, the sub-problem- does not
become more complex as the number of stages increases,
and matrix handling techniques, such as a Gauss-Jordan
reduction, are not required.

In the future studies of the mathematical properties of
quasilinearization as applied to other CSTR problems will
be further investigated to determine under what condi-
tions the technique may be validly used.
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NOTATION

A, B = reactants

a, b, ¢, d = coeflicients in general solution of finite differ-
ence equation

Can, Cpr = concentration of a component leaving stage n
of a CSTR

CSTR = continuous stirred-tank reactor

E = finite difference operator

f (U) = matrix of elements f; = EU;

J = Jacobi matrix of derivatives, d9fi/aU;, as in Equa-
tion (11)

k = reaction rate constant

n = stage number

N = total number of stages _

Q = volumetric flow rate of stream in CSTR

r = reaction rate

U = defined variable derived from Y,

Ve = volume of a CSTR

VP, V*, V = particular, homogeneous, or general solution
of quasilinearized equation

X = dimensjonless variable = kC,,Vg/Q

Yan, Ysn = dimensionless concentration variable = Cu/

Cao, Ca/Cao
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